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Fair Spectral Clustering
Spectral Clustering (SC) partitions data {x;}!_; by finding k leading

eigenvectors H € R™** of the normalized affinity matrix M:

max Tr(H'MH) st. H'H=1I,
HGRnXk

Fair Spectral Clustering (Fair SC) [1| introduces group fairness:

e h demographic groups Vi,...,Vs, e.g., age, gender, etc.

e Group membership matrix G, = 1 it x; € V,, else 0.

¢ Group Fairness: Each cluster () should represent groups propor-
tionally to their presence in the overall dataset:

VinGy| |V
C n

Vs € [h],1 € [K].

e This translates to a linear constraint F'' H = 0, where F = D~ Y/2(G —
1,2") encodes group information [1].

The Fair SC problem is:

max Tr(H'MH)
HERTLXI{:

st. HTH=1I (1)
FTH=0.

Existing Methods & Bottlenecks:

e 0-FSC [1]: Eigendecomposition of Z' M Z, with Z nullspace of F''".

e s-FSC |2|: Uses projected eigendecomposition PMPY' = Y'A.
Faster, but still relies on iterative eigensolvers.

Paper TL:DR
We develop a faster, gradient-based method for FairSC
by avoiding full eigendecomposition, using
Difference-of-Convex (DC) programming and ADMM.

Our Contributions

1. DC Formulation for Eigenproblems: We reformulate (1) into a

Difference of Convex (DC) minimization. To avoid computing M1/?, we
work with M? implicitly by optimizing || M H H% Primal DC problem:

Lin g(H) + h(H) — f(MH),

where f(H) = 2 HHH%, g(H) = 15k (H) (orthonormality, can be relaxed

to convex hull) and h(H) = tjoy(F'" H) (fairness constraint).

2. Novel Variable Augmentation for ADMM: To handle F' H = 0
within DC, we introduce a purpose-built variable augmentation:

min ¢g(H)+h(Y)— f(MH) st. MH=Y.

H,Y eRn Xk

The fairness constraint 'Y = 0 is imposed on Y = M H.
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DC Dualization & ADMM

The Augmented Lagrangian with penalty o > 0 is:
ColH,Y, P) = g(H) + h(Y) — f(MH)
L (P,MH-Y) + % \MH Y| .
e The H-subproblem at iteration (i 4 1):

H*D — arg min g(H) — ( F(MH) — (PO MH) — % ||MH _y®
H

)

#
convex part ¢(MH)

This is a DC problem: ming g(H) — ¢(M H) assuming o < 1.

Proposition (Dual of DC). Let ¢ : X +— f(X) — (P, X) — 2| X —Y|g
with oo < 1. Then strong duality holds and the dual 1s:

inf  ¢* (V) — g*(MV).
SAnf ot (V) =gt (MV)

o ¢*(V) is quadratic and its gradient is easy to compute.

o g*(MV) ="Tr (\/ VM QV) is the nuclear norm. Its gradient in-
volves SVD of V' M2V € R*** (cheap for small k).

Computing the Primal Solution. Once the dual solution V is com-
puted, one can recover the corresponding primal solution H 1) by

m}ejxx(V,MH) st. H'H =14

Solved as H"*1) = LRT by the SVD (or Newton-Schulz) of VT M.

e The Y-subproblem at iteration (¢+1) is solved in closed-form efficiently
by projecting onto the nullspace of F''.

e Overall Algorithm

Algorithm 1 ADMM-type method for Fair SC

Input: Affinity K, group matrix F € R™*" k. «© > (
1: Compute normalized affinity M = D=1/2KD~1/2.
. Initialize H©) Y0 p0),
. for:=0,1,...,7T— 1 do
H+Y < Solve H-subproblem (dual L-BFGS)
Y (i+1) « Solve Y-subproblem (nullspace proj.)
P+ pO) 4 o) (prE+D Yy (i+D))
Update a1
end for
. Apply k-means on rows of D~1/2H(T).

RO A A N

e Complexity: We avoid n X n eigendecomposition.

= Dominated by matrix multiplications (applying M to a n X k ma-
trix): O(n?k).

= We gain substantial practical speedups.
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Experimental Results: Speed & Fairness

Datasets: LastEF'M, Thyroid, Census, 4area. Group types: Nation-

ality, Diseases, Demographic, Research Fields. Metrics: Runtime (s),
|V3ﬂcl|

s#s' vy closer to 1 is better).

Balance (defined as balance(C;) = min
Baselines: o-FSC [1], s-FSC [2].

e Real-world Data Runtimes (k = 25)

Dataset n o-FSC s-FSC Owurs
LastFM 5576  103.82  19.08 4.59
Thyroid 7200 279.03 30.49 7.38
Census 32561 - 136.60 15.78
darea 30385 - 166.92 25.85

= Our method is consistently faster, especially on larger datasets.
e Comparison vs. Exact Algorithm

Dataset Method Clustering Balance Time
s-F'SC 1.057+ 063 0.0105+ 0020 4.16 %

LastlM Ours 1.080+.074 0.0093+ 0015 1 X
Thyvroid s-F'SC 0.353+.020 0.0029+ 0005 4.13 %

Y Ours 0.353+.018 0.0030+.0004 1Xx
Clensus s-F'SC 134.539+3 667 0.0004 + .0001 8.00 X

4 Ours 130.973+14.371 0.0004 + .0001 1 X
s-F'SC 235.208+6.084 0.3884 + 0150 6.45 %

4area

Ours 242.0004+10.303 0.3823+.0200 1 X

= Our method produces comparable clustering assignments and balance
to exact methods, while being significantly faster.

¢ Runtime and Fairness vs. Number of Clusters k

LastEFM 4area
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= Our method shows even better efficiency gains as k increases. We
mantain the fairness quality (balance) of the exact algorithm.
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